Some notes on the Feigin-Losev-Shoikhet integral 

conjecture 

Ajay C. Ramadoss 
June 7, 2008 

Abstract 

Given a holomorphic vector bundle £ on a smooth connected com- 
pact complex manifold X, [FLS] use a notion of completed Hochschild 
homology HH of ViS(£) such that HHo(Diff(£)) is isomorphic to 
K 2n (X, C). On the other hand, they construct a linear functional on 
HHo(£>iff(£ )). This therefore gives rise to a linear functional Is on 
H 2 ™ (X, C) . They show that this functional is J x if £ has non zero 
Euler characteristic. They conjecture that this functional is J x for all 
£. 

These notes prove that Is = If for any pair (£, T) of holomorphic 
vector bundles on X. In particular, if X has one vector bundle with 
nonzero Euler characteristic, Is — J x for every vector bundle £ on X. 

[FLS] also use a notion of completed cyclic homology HC of 2?iff(£) 

such that HC_i(Diff(£)) ~ R 2n - l (X,C) © R 2n -' l+2 (X, C) © The 

construction yielding Is generalizes to yield linear functionals on 
HC_2i(£>iff(£)) for each i > 0. The linear functional thus obtained on 
HC_ 2l (2?irf(£)) thus yields a linear functional Is,u,2k on U 2n ~ 2k {X,C) 
for < fc < i. [FLS] conjecture that if, 2,0 = JV an d make a further 
conjecture about Is, 2.2- 

These notes prove that Is.2i.o — Is for all i > 0. In particular, if X 
has at least one vector bundle with non zero Euler characteristic, then 
Is,2i,o — J x - We also prove that Is,2i,2k — for k > 0. The latter is 
stronger than what [FLS] expect when i = k = 1. 

Keywords: Hochschild cocycle,^4oo-moi'phism;differantial operators; 
Dolbeaux complex; FLS functional; supertrace; completed Hochschild 
homology; completed cyclic homology; integral operator; kernel. 
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1 Introduction 

Let X be a smooth connected compact complex manifold such that dimcX = 
n. Let £ be a holomorphic vector bundle on X. Let T>iS(£) be the sheaf of 
holomorphic differential operators on £ . Let Diff(£) be the algebra of global 
sections of ViS(£). One is interested in understanding the Hochschild ho- 
mology of Diff(£). This is however, not an object that one can easily analyze. 

Let Dolb*(X, Ox) denote the Dolbeaux resolution of the sheaf Ox of hol- 
morphic functions on X. Let Diff(£) = Do\b*(X,O x ) ®o x T>iS(£). Fol- 
lowing [FLS] we replace Diff(£) by 



Let K*£ denote the complex Tc 00 (X, Dolb*(X, Ox) ®o x £) of smooth global 
sections of Dolb*(X, Ox) <8>o x £ ■ This is the Dolbeaux complex of £. If 
T> is a holomorphic differential operator on £, then T> gives rise to a C- 
endomorphism of the complex K*£ . It follows that T> induces an endomor- 
phism V* : W(X,£) — > W(X,£) for each i. The supertrace of V is given 



Note that Diff(£) is a subalgebra of Diff*(£). It follows that there is a nat- 
ural map from the ith Hochschild homology of Diff(£) to that of Diff*(£) 
for all i. Also recall that if A is any associative C-algebra concentrated in 
degree then the 0-th Hochschild homology HHo(^4) of A is the Abelianiza- 
tion of A. It follows that any trace on A is a linear functional on HHo(^4) 
and a Hochschild 0-cocycle of A .Note that the supertrace described in the 
previous paragraph is a Hochschild 0-cocycle of Diff(£). 

In [FLS], a Hochschild 0-cocycle tr on Diff*(£) is constructed algebraically. 
This Hochschild cocycle is constructed in such a way that the following 
diagram commutes. 



Diff (£) := T(X,ViS*(£)) . 



by 



str(P) :=£(-l)*Tr 



HH (Diff(£)) 



-> HH (DifT(£)) 



str 



tr 



c 



c 



id 
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The top row of the above diagram is the natural map from HHo(Diff(£)) to 
HHo(Diff*(£)) arising out of the natural inclusion of Diff(£) as a subalgebra 
of DifF(£). 

The theory that is more related to the cohomology of X is however, that 
of the completed Hochschild homology of the sheaf T>iS(£) of holomorphic 
differential operators on £ . This is defined in this paper in Section 3. Let 
HHj(X>iff(£ )) denote the i -th completed Hochschild homology of Piff(£). 
By a lemma (Lemma 3) that generalizes a Theorem of Brylinski [Bryl] , 

HH_i(X>iff(£)) ~H 2n ^(X,C) . 

Call this isomorphism /3^.This is the key property of HH*(2?iff(£)) that re- 
lates it to the cohomology of X with coefficients in C. [FLS] also use a 
notion of completed Hochschild homology that has the same relation with 
E*(X, C). However, as hinted in [FLS] itself, understanding the isomorphism 
Ps is easier with the definition of completed Hochschild homology used here. 

[FLS] shows that the Hochschild cocycle tr of DifT*(£ ) "extends" to yield a 
linear functional tr on HHo(X>iff(£)). In this paper, we are forced to redo 
this very step in Section 3 since we use a definition of HH*(Piff(£ )) that is a 
priori different from that of [FLS]. Our definition of HtL(Diff(£)) implies 
that there is a natural map from HHo(Diff(£)) to HHo(Diff(£)) (see Section 
3 for more details). The outcome of our "extending" tr to a linear functional 
tr on HHo(£>ifT(£)) is tne following commutative diagram. 

HHo(Diff(£)) ► HHo(Diff(£)) 

str tr 

c ► c 

id 

The linear functional we construct on HH (Piff(<?)) still uses the basic con- 
struction of [FLS] and , as will be clear later in this paper, yields an algebraic 
construction of j x when X has at least one vector bundle with non zero Eu- 
ler characteristic. 

Denote the composite map tr o [3^. 1 : H 2n (X, C) — > C by Ig. Is is a linear 
functional on R 2n (X,C)- 
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The following theorem was proven in [FLS]. Their proof goes through in our 
setup as well. 

Theorem 1 (FLS). // the Euler characteristic xs °f £ * s nonzero, then 



£ , even those of zero Euler characteristic. In these notes, we prove the 
following theorem. 

Theorem 2. If £ and Q are two vector bundles on X, then Ig = Ig. 

The following corollary is immediate from this and Theorem 1. 

Corollary 1. If X has a vector bundle Q whose Euler characteristic \g is 
nonzero, then for any vector bundle £ on X, Is = j x . 

In particular, if X is a smooth separated scheme over C, then the skyscraper 
sheaf supported at a point p of X has nonzero Euler characteristic. On the 
other hand, it is a coherent Ox- m °dule. It therefore, has a finite resolution 
by (holomorphic) vector bundles on X. It follows that at least one vector 
bundle in such a resolution has non-zero Euler characteristic. Thus, if £ is 
a vector bundle on a smooth compact complex manifold X that is a smooth 
separated scheme over C, then Ig = j x . 

Note that if V is a global holomorphic differential operator on a vector bun- 
dle £ on X, then V is a 0-cycle of the Hochschild chain complex of Diff(£). 
It follows that T> yields an element in HHo(£>iff(£)), and hence, an element 
in H 2n (X, C) which we will denote by [D]. It follows from Corollary 1 that 
if X admits at least one vector bundle with non-zero Euler characteristic, 
then 



The above statement is somewhat similar to a result (Corollary 5.6) in a 
paper by P.Schapira and J-P. Schneiders [S-S]. More recently, an entirely dif- 
ferent approach has yielded a proof of a stronger version of this statement 
(the supertrace theorem)without the condition that X admit a vector bun- 
dle with non-zero Euler characteristic [EnFe]. In a sequel to this paper, we 
shall develop our approach further to show that Ig = j x for any vector 
bundle £ on any compact complex manifold X. This shall yield another 
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proof of the supertrace theorem different from the one in [EnFe]. 

One also defines the completed cyclic homology HC*("Diff(£ )) of Diff(£). 
Further, as in [FLS], the construction of the linear functional on the 0-th 
completed Hochschild homology of T>iS(£) is extended to the construction 
of multiple linear functionals tr2i : HC_2i(£>ifT(£)) — > C. On the other hand, 
it is shown that one has an isomorphism 

HC_2i(Z>iff(£)) ~ R 2n (X, C) H 2n ~ 2 (X, C) © © B. 2n ~ 2i (X, C) . 

Denote the inverse of this isomorphism by 1 £ . Let Ig^i = tr 2 i °1g- Then, 

I £j2 i ■ H 2n (X, C) B 2n - 2 (X, C) © .... © B 2n ~ 2i (X, C) -f C . 

For < k < i , let Ig, 2i , 2k ■ H 2n ~ 2k (X,C) ^ C be the composition of Ig j2i 

with the inclusion of' H 2n " 2fe (X, C) in H 2n (X,C) © H 2n ~ 2 (X,C) © © 

H 2n_2l (X, C) as a direct summand . In [FLS] it was conjectured that 
Xf,2,o = C. f x where C is a constant independent of £. Further, there 
was a prediction in [FLS] that if,2,2 is the integral over a cycle related to 
the Chern classes of £ and those of vector bundles intrinsic to X. In this 
note, we prove the following theorem. 

Theorem 3. Ig^ifl = h ■ Further, Ig j2 i,2k = if k > 0. 

The latter part is more than what [FLS] expected in their work, though 
a piece of circumstantial evidence for i£,2,2 to be is provided there. By 
this theorem and Corollary 1, Ig^ifl = f x whenever X has a vector bundle 
with nonzero Euler characteristic. In particular, this happens when X is a 
smooth separated scheme over C. 

1.1 Outline of this note 

The proofs of theorems 2 and 3 are simple and involve two easy "bookkeep- 
ing" lemmas (Lemma 1 and Lemma 4 ) . These are done in Sections 3 and 
4 respectively. 

Section 2 recalls basic notions about Hochschild homology that we require. 
In addition, Section 2 recalls the definition of an Aoo-morphism between two 
differential graded algebras. It shows that an Aoo-morphism T between two 
dg-algebras A and B induces a map ^hoch of complexes from the complex 
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of Hochschild chains of A to that of B (Proposition 2 ). No material in this 
section is new. Proposition 2 is from [FLS] . 

The first part of Section 3 recalls the basic set up for this note from [FLS]. 
In particular, we recall the construction of the Hochschild 0-cocycle tr of 
Diff*(£) from [FLS]. The completed Hochschild homology HH»(X>iff(f)) is 
defined in Section 3. We show that the formula for the Hochschild cocycle tr 
"extends" to a formula for a linear functional tr on HHo(2?iff(£)). [FLS] in 
[1] do something very similar. The definition of HH*(Piff(£ )) that is used in 
this paper is however, a priori somewhat different from that used in [FLS]. 
This forces us to redo the parts where they extend the Hochschild cocycle 
tr of Diff*(£) to a linear functional on HHo(Diff (£)). 

The last part of Section 3 is devoted to the "bookkeeping Lemma for tr" 
(Lemma 1). 

Section 4 is devoted to understanding the relation between HH*(Piff(£)) 
and B*(X, C). In particular, we prove that 

HH_i(Diff(£)) -H^-^C) 

(Corollary 6 ). For £ = Ox, this was proven by Brylinski [Bryl]. Let j3g 
denote the isomorphism between HH_j(£>iff(£)) and H 2n ~*(A, C). Section 
4 also proves the "bookkeeping Lemma for /3" (Lemma 4 ). Theorem 2 is 
an immediate consequence of Lemma 1 and Lemma 4 . 

Section 5 has four subsections. The first subsection recalls the basic notions 
of cyclic homology that we require. The second one carefully examines the 
linear functionals on the completed cyclic homology of £>iff(£). The third 
subsection examines the relation between the completed cyclic homology of 
Diff(£) and H*(X, C). The final subsection writes down the final steps that 
prove Theorem 3. 

Note: All complexes that appear in this paper are cochain complexes by 
convention. The term Hochschild cocycle of a dg-algebra shall only refer to 
cocycles of the complex of Hochschild cochains of that algebra as defined in 
Definition 2, Section 2.1. 

Acknowledgements: This paper and its sequel would not have been what 
they are but for the help I received from many quarters. I am very grateful 



6 



to Prof. Boris Tsygan for going through the paper carefully, introducing 
me to a paper of N. Teleman [Tel] and for some very useful comments and 
suggestions. I am also very grateful to Prof. Madhav Nori for some very 
useful discussions, comments and suggestions. Heartfelt thanks are also due 
to Prof. Ryszard Nest and Prof. Alexander Gorokhovsky for helping me 
understand the correct completed tensor product to be used. I am also 
grateful to Prof. Shrawan Kumar and Dr. Victor Protsak for useful discus- 
sions and to the referee for going through this paper carefully and helping 
me streamline its presentation. 



2 Basic results about Hochschild homology 

Conventions used in this section 

1. The term "dg-algebra" in this section refers to a differential graded C- 
algebra with unit. 

2. All complexes of C-vector space are cochain complexes, i.e, the differen- 
tial of any complex of C-vector spaces has degree +1. 



2.1 The Hochschild chain complex and Bar complex of a dg- 
algebra 

Definition 1: If A is a differential graded C-algebra with differential S, 
the complex of Hochschild chains C*(A) is the cochain complex obtained 
by equipping the graded C-vector space ©i>i.A[l]® l [— 1] with the Hochschild 
differential. The Hochschild differential d is given by the formula 

i=n— 1 

d(a <g> .... ® On) = {-l) {do+ '" +d%+i+1) a (g> ...®aia i+1 <g> .... ® a n 

i=0 

+ ( _ 1 )(rfn + l)M ) + ...+rfn- 1 +n-l) anao ^ ^ ^ an _ x 

j=n 

+ Yl {-l) {do+ - +dj - 1+j) a (8) ... (8 5{ aj ) ... ® a n 

3=0 

for homogenous elements ao,...,a n of A of degrees do,..,d n respectively. 
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Let T n : A® n — > A® n denote the endomorphism given by the formula 
ai .... ®a n ^ (_ 1 )(d n +i)(di+...+*,-i+n-i) an g, 0l g, .... g, fln _ 1 

for homogenous elements 01, a n of .4 of degrees d\, ..,d n respectively. Let 
d\ : A® n — > A® n ~ l denote the morphism given by the formula 

a\ ® .... ®a„-» (— \) dl+1 a\a2 ® ... <S> a n 

for homogenous elements a\, a n of ^4 of degrees d±, ..,d n respectively.Then, 
the Hochschild differential on A® k is also given by the formula 

i=k i=k 

r l k Z\ o 8 1 o rt t+1 + Y, T t lo ( S ® id ®-® id ) ° T k~ i+1 ■ 
i=i i=i 

Contrary to the standard practice, we will refer to a degree — n cocycle of 
C'(A) as a Hochschild n- cycle of A . 

The Hochschild homology HH_ ra (.4) of A is the —nth cohomology of the 
complex C'(A). By the definition of the Hochschild complex, it is clear that 
if -4 is a C-algebra (i.e, A is concentrated in degree 0), then HHo(-4) — pf~4y 
where [A, A] is the commutator of A. Also, if A is a C-algebra, HH_ ra (.4) = 
if n < 0. Also, if A is dg-algebra, then elements of Ker(<5) C .4° are 0- 
Hochschild cycles of C'(A) where 5 denotes the internal differential on A. 
It follows that there is a canonical map Ker(J) — ► HHo(»4). 

Definition 2: The complex of Hochschild cochains of A is the complex 
whose —i-th term is Homc(C*(>t), C) with differential induced by that on 
C'(A). A Hochschild cocycle of A is a cocycle of the complex of Hochschild 
cochains of A. Note that a Hochschild 0-cocycle of A induces a C-linear 
functional on HHo(-4). 

Definition 3: The Bar complex bar* (A) of A is the cochain complex ob- 
tained by equipping the graded C-vector space ©j>i«4[l]® l [— 1] with the Bar 
differential. The Bar differential is given by the formula 

i=n—l 

d(a <8> .... ® On) = {-l) {do+ '" +d%+i+1) ao® -®aiai+i ® .... ® a n 

i=0 

j=n 

+ Yl {-l) {do+ - +dj - 1+j) a © ... ® 5{ aj ) ® ... © a n 

3=0 
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for homogenous elements ao, a n of A of degrees do, .., d n respectively. 
The Bar differential on A® k is also given by the formula 

i=k— 1 i=fc 

2 T it-i ° & r r i+1 + £ ^T 1 ° (<* ® id ® •• ® ^) o r£" i+1 . 
1=1 1=1 

Recollection 1 : If s n : bar* (^4) — > bar*~ 1 (^l) is the map ao ® ... ® a n ~^ 
— 1 ® ao ® ••• ® a n then the maps {s n } , n > — 1 give a homotopy between 
id : bar* (A) -> bar* (.A) and : bar* (A) -> bar* (A). It follows that bar' (A) 
is acyclic. 

If V* is a finite dimensional graded C-vector space then 
End(V) = ©jjHom(V l , V^). Let 7rjj denote the projection from End(F') 
to Hom(T\ V j ). If M G End(V # ) , the supertrace of M is the alternating 
sum J2i {—l) l t r (' K i,i(M)). We recall the following proposition from [FLS]. 

Proposition 1. Let V be a finite dimensional graded C-vector space with 
zero differential. 

1. HHi(End(V)) = for i± 

2. HH (End(V)) ~ C 

3. The composite End(V')° — > HHo(End(V 9 )) — > C ta&es an element of 
End(V 9 ) to its supertrace. 

4- The isomorphism HHo(End(V')) ~ C tafces i/je cZass m HHo(End(V*)) 
of a Hochschild 0-cycle in End(V')® k to /or a// > 2. 

Proof. The proof of this proposition is a trivial modification of the proof of 
the Morita invariance of Hochschild homology for matrices in Loday [2] (see 
Theorem 1.2.4 of [2]). □ 

We may therefore, denote the isomorphism HHo(End(V)) ~ C by str. 



2.2 Aoo-morphisms between dg-algebras 

Let A and B be two dg-algebras. Let Ti : A® 1 — > £>[nj be Cdinear maps 
with ?ij € Z for each i. If k±, fc; are positive integers such that ^ • fcj = 
and if Y2j n j = n ; then J- kl M ... M T kl will denote the Cdinear map from 
A® k to B® l [n] such that 

J r kl M..MJ r kl (ai(g)..0ak) = J r k 1 (ai < S)... < E)a kl ) < S)....0J : 'k l (ak 1 + fc^+i®--®^) . 
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Definition 2 : An Aoo-morphism T from a dg-algebra .A to a dg-algebra B 
is a collection of maps 

T k : A m -> B[l - fc] 
for all k > 1 such that the map J^bar : bar* (A) — ► bar* (5) defined by 

^bar(oi (E> ... <8) afc) = ^ JP" fcl Kl ... Kl JT fc; ( ai ... ®afc) 

{(fel,...,fc ( ) |/>0 and Ej fc j= fc } 

is a morphism of complexes from bar* (A) to bar*(£>). The maps T k are 
called the Taylor components of JF. 

The condition that ^bar commutes with the differentials on the bar com- 
plexes of A and B respectively is equivalent to the condition that the maps 
T k satisfy the following relations. 

[±J 7 fc _ 1 (ai.a 2 ® a 3 ® .... ® a k ) T F k -\{a\ ® a 2 .a 3 ® .... ® a k )± 

±jF fc _ 1 (ai ® 03 <8> .... ® afc_i.afc) ± jF fc (5(ai 8> a 2 .... ® afc))± 
i=fc-i 

±(J(^fc(ai (8) ... <8> afc)) ± ^ ±^i(ai <8> .... ® a;) o F k _i(ai + i ® .... ® a k ) = 

l=i 

k > 1 

We recall the following proposition from [FLS]. 

Proposition 2. An morphism J 7 from an associative dg-algebra A to an 
associative dg-algebra B induces a map Tnoch of complexes from the C{A) 
to C(B). 

We recall the proof of this proposition from [FLS]. 

Proof. Let r : A® k — > A® k be the map which takes a± <8> . . . ® a k to 

l)( dfc+1 )( <il+ — +dfc - 1+fe_1 ) ( Xj fe (g)ai(8)...<8)ajfc_i for homogenous elements ai, a& 
of A of degrees d±,...,d k respectively. Consider the map ^koch : C'(A) — > 
C"(Z?) defined by the formula 

^Hoch(ai <8 .... ®a fc ) = ^ Kl ... M T kl (a\ ® ... ® a fe ) 

{(fel,...,fe ( ) |Z>0 and £\ fcj=fc} 
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j=h-i 

3=1 

We leave the verification that J-Hoch respects the Hochschild differential to 
the reader. 

□ 

Let A be a dg-algebra. Let V be a finite dimensional graded C- vector space 
with differential. Suppose that J- is an Aoo-morphism from A to End(V") 
with Taylor components T^. Recall that for any k > 0, we have a map 
r : A® k -> A® k such that r(oi <8> ... <g> a fc ) = (_i)fa+i)(«*i+----H'k-i+*-i) afc g, 
ai <8> ••• <8> afc— i for homogenous elements a±, of ^4 of degrees d±, 
respectively. By Proposition 1, str is a Hochschild 0-cocycle of End(V*). 
We now have the following Corollary of Proposition 2. 

Corollary 2. The supertrace on End(V) pulls back to a Hochschild 0- 
cocycle tr of A. On Hochschild 0-cycles of A that arise out of elements on 
degree k — 1 in A® k , the Hochschild cocycle tr is given by the map from A® k 
to C given by 

j=k-i 

di ® ... <8> <Xfc ~* ^2 s t' r {^ r k{ T \ a i ® ■■■ ® a k))) ■ 
j=o 

Proof. The Hochschild cocycle tr is given by tr(x) = str^hoch^)) for any 
x £ C°(A). Note that by Proposition 2, F hodl (x) £ C°(End(V )). The exact 
formula for tr given in this corollary is now immediate from the formula for 
-^hoch given in the proof of Proposition 2. 

□ 

3 The completed Hochschild homology of Vif£(£) 
and a linear functional on HHo(Diff(£)). 

3.1 The basic construction in [FLS]. 

Let K*£ denote the Dolbeaux complex of S , as in the introduction to 
this paper. Then, K*£ decomposes as the direct sum of a complex with 
zero differential and an acyclic complex i.e, K°£ = K*o £ ® K*i £ where 
H'(K' e) = H'(KV ) , K' £ has differential and K*i £ is acyclic. This is 
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a consequence of Hodge theory (for instance,see Theorem 5.24 in [Vois] ). 

Recall that £>iff (£) = Bolb'(X,O x ) ®o x T>iS(S) and that 

DifF(£) := T{X,VifF(£)) . 

The main construction in [FLS] is that of an morphism T from Diff{£) 
to End(K*o £ ). Note that K*o £ is a finite dimensional C- vector space with 

differential. As C-vector spaces, K % 0£ ~ H l (X, £). We may therefore ap- 
ply Propositions 1, 2 and Corollary 2 of Section 2 with A = Diff*(£) and 
B = End(K*o e). We obtain the following facts immediately. 

Fact 1: By Proposition 1, HHj(End(K*o s)) = for i / and 
HHo(End(K*o e)) — C. This isomorphism is induced by the map taking a 
degree element of End(K*o s) to its supertrace. 

Fact 2: By Proposition 2, the supertrace on End(K*o s) pulls back to a 
Hochschild 0-cocycle tr on Diff*(£). If D is a Hochschild 0-cycle of Diff*(£ ) 
that arises out of a degree k — 1 element of Diff*(£') <x,fc , and if [D] denotes 
the class of D in HH (Diff* (£)), then 

j=k-l 

tv([D}) = MMr j (D))) ■ 

3=0 

Notation: We shall also denote the map 

j=k-l 
3=0 

by Ifls- 

3.1.1 Construction of T 

We now recall the construction of T from [FLS] . Let denote the configu- 
ration space {t± < ... < tk | U G R}/G^ where is the one dimensional 
group of shifts (ti,...,tk) — > (t± + c, .., i& + c) . This is a smooth /c — 1 di- 
mensional manifold though it is not compact if k > 2. Let Tj = ij+i — for 

1 < i < k — 1. The map (ii, ~^ (ri, ...,Tfc_i) is a diffeomorphism be- 
tween Cfe and the product n*~J _1 {rj > 0}. Let {r^ > 0} denote the compact- 
ification of {r^ > 0} by a point at infinity. The cube Ck ■= n*~^ _1 {rj > 0} 
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is a compactification of C k . 



Let D = £>i ® ... <g) D k e DifF(£) 0A; . Recall that the A yield endomor- 
phisms of K*£ as follows: Let U C X be an open ball on which 6 is 
trivial. Let z\,...,z n be local holomorphic coordinates on U. A section of 
K*£ \u is a linear combination of sections of the form s <8> cfejj A ... A dzi m . 
Di(s (g) dz h A ... A dz im ) = Dj(s) <g> ck^ A ... A dz im . 

Let 9f* be the Hodge adjoint of &£. Let Ag denote the Laplacian of &£. We 
also note that §£ ,ds* and yield endomorphisms of K*g . 

Let Q, d denote the differential form on Ck with values in End(K*o £ ) given 
by the formula 

Q D = n K « £ oD k o exp[-d(t k - t k -i)d £ * - (t k - t fc _i)A £ ] o ... o D 1 oI K . £ 

where n K « £ and Ik' £ denote the projection from K*£ to K*o £ and the 
inclusion from K*o £ to K°£ respectively. 

As noted in [FLS], to write Sip this way , we require that have discrete 
non negative spectrum (which is the case for a compact complex mani- 
fold). Further, as noted in [FLS], Qd extends to a End(K*o £)-valued (non- 
homogenous) differential form on C k . 

We define 



By the integral over C k of a non-homogenous differential form, we mean the 
integral over C k of its component of top De-Rham degree. It helps to view 
the differential forms above as differential forms on C k rather than on C k as 
that will ensure that the integrals defining the T k s converge. 

Proving that that T k defined in this manner are the Taylor coefficients of 
an Aqo morphism is done in [FLS]. 

Before we proceed further, we note that if k = 1, then C\ is a point. The 
formula for T k given here yields 



for D € DifP(£). In particular, if D € Diff(£) and if £>* G End(H*(X, £)) is 
the endomorphism of H*(X, £) induced by V, then ^(V) = T> 1f . It follows 




^i(D) = n K . 



s 



o D o Z K » 



•K'o s 
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from Fact 2, Section 3.1 that tr([£>]) = str(X>*). This proves that the follow- 
ing diagram commutes. 



HH (Diff(£)) ► HH (Diff (5)) 



str 



tr 



id 

3.1.2 Rewriting the formula for T k . 

Given an endomorphism ip of K's , let [ip] i denote the endomorphism id <g> 
.... <g) (p (g> .. (g) id of K'f k with if acting on the ith. factor from the right. 

Let 

$ = [id] k o [exp[-d(i fe - t k -i)d £ * - (t k - t fc „i)A £ ]] fe _ 1 o ... 
... o [exp[-d(t 2 - h)d £ * - (t 2 - t^As}^ . 

This is a differential form on C k with values in End(K*£ though it is 
not a differential operator. Similarly, if D = D\ <g> .. <g) D k G DifT(^) lg)A: , £> 
yields an endomorphism D := [D 1 ] k o ... o [D k } 1 of End(K' £ ® fc ). 

We have a composition map m : End(K*£ )® k — > End(K*£ ). Identify- 
ing End(K*£ with End(K*£ )® fc , we obtain a composition map m : 
End(K*£ ® fc ) -> End(K*£ ). We recall from [FLS] that the formula for ft D 
can be rewritten as follows 



n D = n K « £ o m($ oD)o X K 'o £ • 

Thus, 

^ fc (D)= / n K . f om(foH)oI K . £ . 

Jc k 

3.2 Extending the supertrace-I. 

Recall that £>iff(£) denotes the sheaf of holomorphic differential operators 
on £. Let ViS(£)(U) denote T(U,ViS{£)) for any open U C X. Let £ m de- 
note the /c-fold exterior tensor power of £ on X k := X x ... x X. We observe 
that the differential on the Hochschild complex C*(Diff(£ )(U)) extends to 
a differential on the graded vector space ® k >iViS{£ m (U k ))[k - 1]. The 
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resulting complex is called the completed Hochschild complex of ViS(£)(U) 
and denoted by C*(Vffi(£)(U)). 

Definition 4-' The completed Hochschild complex of T>iff(£) is the sheaf of 

complexes associated to the preshreaf U ~* C (ViS(£)(U)) of complexes of 
C-vector spaces. 

The completed Hochschild complex of Piff(£ ) is a sheaf of complexes of C- 
vector spaces on X. It is denoted in this paper by hoch(£>iff(£)). 

Definition 5: The ith completed Hochschild homology HHj("Diff(£ )) of ViS(£ ) 
is the hypercohomology EPpf, hodi(:Diff(£))) of hodi(ViS(£)) . 

Recall that the Aoo-map T whose construction we recalled in section 3.1 en- 
ables us to pull back the supertrace on End(K*£ ) to a Hochschild 0-cocycle 
of Diff* {£). Unfortunately, the A^-map J- does not automatically enable us 
to directly pull back the supertrace to a C- linear functional on HHo(2?iff(£)). 
This subsection is devoted to an important intermediate step that enables 
us to construct a C-linear functional on HHo(2}iff(£)) which extends the 
supertrace on Diff(£). 

3.2.1 "Estimating" I FLS . 

We now use a homotopy very similar to the homotopy in Prop 3.1 [Tel] to 
show that the FLS functional of any 0-cycle in C*(Diff , (6')) depends only 
on its component in Diff°(£). 

Construction l:Let (j) : X x X — > [0, oo) be a Riemannian distance. Let 
t be any positive real number. We can choose a finite cover of X by open 
sets Ui,l < i < m such that 4>(x, y) < t for all x,y £ Ui for any i. Choose a 
partition of unity {fi} by compactly supported (nonnegative valued) smooth 
functions subordinate to the cover {Ui}. Let be a compactly supported 
smooth function on Ui with values in [0, 1] that is identically 1 on the sup- 
port of fi. Then, / := fi ® 9i 1S a smooth function on X x X whose 
restriction to the diagonal is identically 1. Also, / vanishes outside the sub- 
set {4>(x, y) < t} of X x X, and the maximum value of / on X x X is 1. 
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Somewhat as in [Tel], let E f : Diff -► BifT(£)^ k+1 be the map 

i=m 

Di ® ... <g> D k ^ - ^2 fi ® 9i D i ®D 2 ® .... ® Dfc . 
i=i 

Let g? be the differential of the complex C*(Diff*(£)). Then, 

dE f + £/d =1-N f 

where 

JV/(£>i ® ... ®D k )=±J2 df i 0g i D l ® ... ® ± /< ® (%)£>i ® ... ® £>* 

i=i i=i 

i=m i=m 

±J]^® 5ijDfcjDl ®-- 8)jDfc - 1± ^ jDfe ^^^ jDl8) - <8)Z)fe - 1 V fc - 2 • W 
i=i i=i 

Basic argument. Note that if a is a cycle in C*(Diff*(£)), then a is 
homotopic to Nfa. This is true for all t > 0. Also, the FLS linear functional 
Ifls is a Hochschild 0-cocycle of Diff*(£ ). It follows that 

^fls(o) = /FLs(^V/a) • 
Let a = a.\ + ... + a p with e DiS*(£)®*. We then show that 

J2\lFLs(N f ai)\ <Ce(t) 

i>2 

where C is a constant that only depends on a and e(i).Vol(A x X) is the 
volume of the subset {(f)(x,y) < t} of X x X. Similarly, we show that 
IW«i) " W^/M)! < C'e(t) where C 

depends only on a. Since the construction of / as in Construction 1 is pos- 
sible for all positive t, letting t approach we see that Ifls(oO = -^fls(oi)- 

Remark: Recall that K*o £ can be identified with the kernel of the Lapla- 
cian Ag. Let K*^2 g denote the Hilbert space of square integrable sections 
of Dolb*(X, Ox) ®o x ^iff(5). Then Ik* £ ° ^K* £ is an integral operator 
on K' L 2 £ with smooth kernel that projects onto the image of 2 K » s ( see 
[BGV] Chapter 2). We will denote this operator by LTo^ or LIo when there 
is no confusion regarding the vector bundle being used. Also, one can check 
that if M G End(K* g), then HoMIIo makes sense as a trace class operator 
on K' L 2 £, and 

str(n Mn ) = str(n K . £ o M o J K . o£ ) . 
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Proposition 3. LetD 1 ,...,D k G Dijf(£). Then, 

\I F Ls{N f (D 1 ®...®D k ))\ <Ce(t) 
The constant C above depends only on D±, ..,D k . 



Proof. Part 1: The setup. 
Recall that 



N f (D! ® ... ® D k ) = ± df i ®g i D l <g> ... ® D fc ± /; (%)£>i <g> ... <g> Z> fc 



i=i 



± ^ ® ^A^l ® •- ® D k-l ± X] 81 5ijDl 81 - 81 ^fc- 1 V fc - 2 



i=l i=l 



We estimate the FLS functional of each of the summands on the RHS sepa- 
rately. Let T k denote the /c-th Taylor component of the FLS map. Let 
C k denote the configuration space U^in > 0}. Then, if a { € Diff (£), 

T k { ai ® ...®a k )= / n aia*e- TlA Q 2 ..e- Tfc - lA a fc n (iri...dr fe _i . 
Jc k 

Let Q T (x, y) € F(X xX,£® ft '* El (ft '')* ® £*) denote the (smooth) kernel 
of the operator d*e~ rA . Let poo(x,y) denote the (smooth) kernel of LTo. 
Then, the kernel of T k {a\ <8> ... <8> a k ) is 

/ / P<x,(yo,xi)a 1;Xl Q Tl (x 1 ,x 2 )....Q Tk _ l a k,x k Poo 

(x k ,y' )\dxi\...\dx k \dri...dT k - 1 

Jc k Jx k 
Recall that 

s=k-l 

lFLs{ai®-®a k )= Y stlJ7 k ({(o- s (a))) ) . 



s=0 



Here a is a (signed) cyclic permutation. Each of the k cyclic permuta- 
tions of ct\ <8> .. <S> a k yields exactly one summand contributing towards 
^fls(«i ® ■■■ ® a k ). 
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Part 2: Estimating Ifls(± Ya=T d fi ® 9i D i ® ••• ® AO • 

The cyclic permutations of Yli=i ®fi ® 9iD\ ® ... <S> -Dfc are as follows : 



±5Z<9/i<8>&£>i<g>...® A; 
i=i 

± ^ -Dfe-i+i <8> ... ®D k ® Bfi <g) s^Di <8) ... (g) D fe _j 1 < i < fc - 1 



£=ra 

±^ j giD 1 ®....®D k ®8fi . 
i=i 

We shall henceforth denote the kernel of an integral operator T on T(X, 8 ® 
£l°'*(X)) by T. Let -D a denote the formal Adjoint of a differential operator D 
on T{X,£®n°<'{X)). This is a differential operator on r(X,Sl°>*(X)* ®£*) 
since the bundle of densities on X has a canonical trivialization (see [BGV] 
Chapter 2). With this in mind, 

i=m 

Fk+i(^2 Bfi <8> g i D l ® ... D fc ) 
i=i 

„ „ i=m 

= / / T]poo(yo,a;o)(5/i)(xo)(5ri(xo,a;i)ft(xi)Z)i i:El (5 ri (xi,X2)... 

• • • -Poo (xk , yo ) I dxQ I . . . I dx k I dri . . .dr k 

. „ j=m 

= ±/ / V'poo(yo,a;o)9 a;o /i(xo)Qri(a:o,2:i)5'j(a;i)-C , i, 3 ;iQTi(a:i,X2)... 
./c fc+1 ix'+i ^ 

• • • -Poo (xk , y'o) | <&ro | • • . | dx k | dr x . . .dr k 

. . j=m 

± / / YlPoo(yo,xo)fi(xo)d Xo Q Tl (xo,xi)gi(xi)D ltXl Q Tl (xi,x 2 )... 
Jc k+1 iXHi ^ 

-.■Poo(x k ,y' )\dx \...\dx k \dT 1 ...dT k 

i=m 

= ± / [^ Poo(yo,x )][^fi(xo)gi(x 1 )][Q Tl (x ,x 1 )][Di >Xl Q Tl (xi,x 2 )]... 

Jc k+1 Jx*+i ~ 

....[...Po {xk,y'o)]\dx \...\dxk\dT 1 ...dTk 
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± / / [Poo(yo,x )][y^ f i (xo)gi(x 1 )][d Xo Q Tl (xo,x 1 )][D hxi Q T1 (x 1 ,x 2 )]... 
Jc k+1 ix'+i ^ 

....[...p oo (x k ,y' )]\dx \...\dx k \dT 1 ...dT k (2) 

The last equality in (J2j) is valid since X is compact. We also use the fact 
that if h(x,y) G T(X X X,S ® ft°>' El ft°>'* ® £*), then a{x)h{x,y)b{y) = 
±a(x)b(y)h(x,y) for smooth functions a, 6 on X. We now note that if p T 
denotes the kernel of e _rA then 

Q T {x,y) =B*p T (x,y) = B*p^ oo) (x)p T (x,y)p^ oo) (y) 

where P(o,oo) is the projection to the span of the eigenvectors of A cor- 
responding to positive eigenvalues as in [BGV] Proposition 2.37. This is 
because d* kills the kernel of A. It follows from [BGV] Proposition 2.37 
that 

||Qr(z,y)||;<C(||.|| ; )e-5 AlT (3) 

where \\.\\i is any C norm on T(X xX,£® n°>* m ® £*) and Ai is the 
first positive eigenvalue of A^ . 

It follows from Q that the sup-norm of each term within a square bracket 

_ *i 

in each integrand that involves a Q Ti is bounded above by C^e Tj 2 for some 
constant C% depending only on D\®...®D k . The remaining terms have finite 
sup-norm. The sup-norm of Ya=T h ( x a)9i( x i) i s !• Hence, there exists a 
positive constant C depending only on D\ ® ... <g> D k such that 

i=m . 

\\F k+1 (%2 9fi ® 9iD\ ® ... ® D h )\\ Q <C e" T1 ^. 
i=l JC k+1 

...e- T ^e(t)Yol(X) k+1 dr 1 ...dr k = ^-Ce(t)Yol(X) k+1 . (4) 

where e(t)Vol(X x X) is the volume of the support of {<f>(x, y) < t} in X x X. 
Now, 

str(^ife+i(± Bfi ® 9i D x ® ... <g> D k )) 

i=l 

„ i=m 

= ± / str(J r Jfe+1 (^ 5/j ® giD x <g> ... ® D k )(y , y )\dy \ 
•> x i=i 
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It follows from (J3J that 



|str(JF fc+1 (± dfi ® &A ® ... ® A))| < Cie(i) 
i=l 

for some constant C\ depending on A ® ... ® only. 



The same method is used to estimate the other summands that contribute 
to Ifls(± Y^l=T $/i®Si A ® ■••® A)) and show that those contributions are 
at most C'e(t) as well - in fact the FLS functionals of the other summands 
of Nf(Di ® ... ® A) are estimated in the same way. We however, present 
the detailed calculations in the next 2 parts to be extra careful. 

Part 3: Estimating I F ls(± Ya=T &fi ® 9i D l ® - ® A)) ~ IL 

We show the equivalent of the calculation ([2]) for the other summands con- 
tributing to Ifls(± J2l=T dfi ® 5iA ® ••• ® A)- At the end of each cal- 
culation, the integrand in the integral computing the kernel of the operator 
whose supertrace we need is written as a product of terms marked by square 
brackets. The argument in Part 2 then works almost word for word to show 
that the corresponding contribution to Ifls(-^V/(A ® ■■■ ® A)) is bounded 
by a constant depending on the -As times e(t). 



l=m 

Fk+i(^2 A-i+i ® ... ® A ® Sfi ® giDi ® ... ® A-i 

Z=l 

. „ l=m 

= / / y^PooCj/O^ojA-i+MoQn^O^l) 



•A,a !i _ 1 Qr i (^i-l ) ^i)(5/0(»i)Qr i+ i(^i,^+l)5K :c i+l)A,^ + i. 

Poo(^fc,yo)|^o|-..|^fc|dri...dr fc 



^ / / y~'poo(yo,^o)A-j+i, a; o<5T 1 (a;o,^i) 

Jc k+1 Jxhi ^ 

■A.xi-iQri {xi-x,Xi)d x Ji{xi)Q Ti+1 (xi, x i+1 )gix i+1 )D ltXi+1 . 

Poo(^fc,2/o)l dx o|...|^fc|rfn...^Tfc 
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„ „ l=m 

± I I y2Poo(yo,x )D k _ i+liXo Q T1 (x ,x 1 ) 

Jc k+1 Jx*+i ~ 

■Dk,x^ 1 QTA x i~l^ x i)fl( x i)9x,Qr 1+1 (xi,Xi + i)gi(xi + l)Di yXl+1 . 

p o{xk,y'o)\dx \...\dx k \dT 1 ...dT k 

■ / / \Poo{yo,x )}[D k _ i+ ^ xo Q Tl (xo,xij\ 

JC k+1 



I. 

^k+1 

l=m 



■ [-Dfc,xi_i B%. Q n {xi-i , Xi )] fl ( x i)9i {xi+i)] [Q n+1 {xi ,x i+1 )} [D hXi+1 ..]... 

1=1 

..■[..Poo{x k ,y' )}\dx \-.\dx k \dT 1 ...dT k 

± / / \poo(yo,x )][D k 

-i+l,xo 

Qn(xo,xi)] 

Jc k+1 ixHi 

l=m 

■[D Kx ._ 1 Q Ti (x i - 1 ,x i )}[^2 fi(xi)gi(x i+ i)][d Xi Q Ti+1 (xi,x i+1 )][D hXi+1 ..]... 
1=1 

■ ■.[■■.Poo{x k ,y' )]\dx \...\dx k \dT 1 ...dT k (5) 

l=m 

Fk+i(J2 9lDi ® .... ®D k ® Bfi) 



1=1 

l=m 



« it L (ft 

= / 'Y]Poo(yo,xo)gi(xo)D lxo Q T1 (x ,xi) 

Jc k+1 Jx^+i ^ 

■ ■.■D k Q Tk (x k - 1 ,x k )(dfi){x k )p oo (x k ,y' )\dx \...\dx k \dT 1 ...dT k 

,. . l=m 
= ±/ / ^Poo^O^oMzO^MoQn^O^l) 

■■■■D k Qr k (x k - 1 ,x k )B Xk fi(x k )p oo (x k ,y' )\dx \...\dx k \dT 1 ...dT k 

± / / y^Poo(yo,^o)^( x o) J Dl,a ; oQri(a;o,^l) 

• • • • D k Q T k (x k _ i , x k ) fi (x k ) B^poo (x k , y' Q ) I dx 1 . . . | dx k \ dr x . . .dr k 

,. ,. l=m 

± / / [Poo(yo,zo)][y] /i(x fe )^(x )][-Dl,xo<5ri(^0,aJl)]- 

Jc k+1 Jxk+i ^ 
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■■■\D k d% k Q Tk (x k - 1 ,x k )]\p 00 (x k ,y' )]\dxo\...\dx k \dTi...dTk 

,. l=m 

± / / \Poo(yo,x )][y2 h{x k )gi{xQ)}[D ltXo Q Tl (xo,xij\ 

Jc k+1 ixHi ^ 

Part 4-' Estimating other summands contributing to IpLs(Nf(Di<gi....<giD k )). 
Recall that 

i=m i=m 

Nf(Di <g ... <g D k ) = ± Bf i ®g i D 1 ® ... ® D fc ± <g (%)^i ® ... ® £> fc 

i=l i=l 

± X] -ft fi^ifc-Di ® •••• ® Dfc-i ± X] 8 ® ••• ® D k-1 V fc > 2 . 



The cyclic permutations of Yl\=T fi ® 9lD k Di <g .... (g that contribute 
to its FLS functional are as follows: 



5^/i®fll£>fc£>i®....®D fc _i 

Z) fc _j (g) .... (g) Dfc.i (g ^ // (g giD k Di <g ... g) Dfc_i_i for 1 < i < k - 2 
^giDkDx (g .... ® Z> fc _i ® /, 



z=i 

As in earlier parts, 



l=m 



Fk(Yl fi ® 9iD k Di ® .... g) D fc _i) 
z=i 

Z=rre 

[Pt»(yo,a;i)][^ fi{xi)gi{x2)][QrA x ^ x 2)][D k , X2 D^ X2 ...\ 



<> ' x ' i=i 

.■[D k - 1 p oo (x k ,y' )]\dx 1 \...\dx k \dT 1 ...dT k - 1 . (7) 
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l=m 

T k {D k _i ® .... ®D k _i ®y^Ji ®giD k Di ® ... ®D fe _,_i j 

1=1 

\Poo(yo,xi)][D k ^ iiXl Q Tl (x 1 ,x 2 )] 




c k Jx k 

l=m 

fl )9l ( x i+2)] [Qn +1 (xi+i, x i+2 )] [D k)Xi+2 D liXi+2 ...]... 

1=1 

[..p oc (x k ,y' )]\dx 1 \...\dx k \dT 1 ...dT k - 1 . (8) 

l=m 

Fk(J2 9iDkD l ® .... £> fc _i ® //) 




1=1 



[Poo (yo , »i)] fi (x k )gi (xi)} [D k)X1 Di )X1 Q T1 (x 1 ,x 2 )} 



'c k Jx* l=1 



\poo(x k ,y' Q )]\dxi\...\dx k \dT 1 ...dT k -i (9) 



For each of the summands dealt with by equations Q, © and Q respec- 
tively, one can argue exactly as we did after ([2]). 

The cyclic permutations of Yl\=T D k fi ® giDi ® ••• ® -Dfc-i that contribute 
to its FLS functional are 

l=m 



Y, D kfi®9iDi®...®D k _ 1 
i=i 

D k _i ® .. ® Dfc.i ® Dfc/i ® ^Z>i ® .. ® Dfc-i-i for 1 < t < fe - 2 

l=m 

Y 9iD x ® ... ® Dfc/j 



l=m 



1=1 



1=1 

y k {D k fi ® ® ... ® 

Z=m 

X] yoo(yo, xi)D ktX Ji{xx)Q n (x 1 ,x 2 )gi(x 2 )Di >X2 , 
ic k Jx* l=1 

...D k -x >Xk p 00 (x k ,yo)\dx 1 \...\dx k \dT 1 ...dT k -i 
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/ / [ D k,x 1 Poo(yo,x 1 )][y2fi{x 1 )gi(x2)}[Q Tl {x 1 ,x 2 )}[D l!X2 ..}.. 
Jc k Jx k l=l 

...[D k ^i jXk p oo (x k ,y' )]\dx 1 \...\dx k \dT 1 ...dT k ^ 1 (10) 



-in 



i=l 



= / / y2Poo(yo,xi)D k _ itX1 Q T1 (x 1 ,x 2 ).... 

Jc k Jx k 

■■■Dk-l,XiQTA x ii x i+l) D k,x l+l fl(Xi + l)Q Ti+1 (xi+l,Xi+2)gi(x^^ 

..■.p oo (x k ,y' )\dx 1 \...\dx k \dT 1 ...dT k - 1 

= / [Poo(yo,x 1 )][D k ^ Xl Q T1 (xi,X2)]--- 
Jc k Jx k 

l=m 

■ ■ ■ [D k -i,xi D k>Xi+1 Q Ti (xi,x i+1 )]Q2 fi {x i+ i)gi (x i+2 )} [Q n+1 ( )][*>W. 

1=1 

..■.[■■Poc(x k ,y' )]\dxi\...\dx k \dT 1 ...dT k _ 1 (11) 



l=m 



F k {^ j g l D 1 ®...®D k f l ) 



1=1 

,. l=m 

= / ^Poo{yo^xi)gi{xi)Di iX1 Q ri (xi,x 2 ).: 
-l,x k -iQrk-i( x k-l,x k )D kyXk fi(x k )poo(xk, y'o)\dxi\...\dx k \dTi...dT k _i 

r. „ l=m 

= I I \Poo(yo,xi)][y2 fi(x k )gi(x 1 )][D ltXl Q T1 (x 1 ,x 2 )]... 
Jc k Jx k l=1 

■ ■■[D k _ ltXk _ 1 D^ Xk Q Tk _ 1 (x k _ 1 ,x k )}\p oo {x k ,y' )]\dxi\...\dx^ (12) 

For each of the summands dealt with by equations (|10p . (jlip and (|12p re- 
spectively, one can argue exactly as we did after (J2j) . 
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The cyclic permutations of Yl\=T fi ® (9gi)Di <g> ... <£> D k that contribute to 
its FLS functional are as follows: 



l=m 



l=m 



J2fl®(dg l )D 1 ®...®D k 
1=1 

^2 D k ^i (g) .. ® D k <g> fi ® (dgfiDx <g> .. <g> £> fc _i_i for < i < fc - 2 

^{dgi)D l ® ...®D k ® h . 
i=i 

l=m 

fi ® ® - ® ao 

/ / yZPo (yo,xo)fi(xo)Q Tl (xo,xi)(Bgi)(x 1 )D ltXl ... 
Jc k+1 ^ 

...p o(a;ifc,yo)l rfa; o|--Ma;fe|rfTi...c/r jfc 

= ±/ / y~'poo(yo,a;o)//( a; o)Qri( a; o,a;i)^i^( a; i) £) i^i- 
...Poo(a;ifc,2/o)l da; o|--|^fe|rfT-i...(irjfc 

/ y^Poo(yo,^o)/K a; o)Qri(so, ^1)^(^1)^1 - 

1 J * k+1 1! 



l=m 

■ ■.p o(xk 1 yo)\dx \....\dx k \dT 1 ...dT k 

l=m 

± 



/ / \poo{yo,x )][Y] fi(xo)gi{xi)][B^ 1 Q T1 (x ,x 1 )][D ly 

••[••Poo(a:fc,yo)]l da: o|-"-!d2;fc|rfTi-"^ 

„ „ l=m 

± / / \p<x>(yo,xo)][y2fi(x )gi(x 1 )][Q Tl (x ,x 1 )][d Xl D lxi 



c k+1 Jxx+i l=1 

..[..p 00 (x k ,y' )]\dxo\....\dx k \dT 1 ...dT k (13) 



l=m 



F k+ i(Y^ D k-i ®..®D k ®f\® (dgi)D! ® .. ® D fc _i_i) 
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„ „ l=m 

/ / y^Poo(yo,zo) Qn(xi-i, Xi)fi(xi)Q T (x h x i+1 )(dgi)(x i+1 )D ljX 

Jc k+1 Jx*+i ~ 

...Po (xk,y'o)\dx \....\dx k \dT 1 ...dT k 

,. l=m 

± / / yZp°o(yo,x ) Q T i(xi-i,Xi)fi(xi)Q Ti+1 (xi,Xi + i)d Xi+1 gi(x i+ i)Di. 

JC k+1 JXh+l ^ 



■ ■■Poo(xk,y'o)\dx \....\dx k \dTi...dT k 



„ „ Z=m 

± / / y2poo(yo,x ) QTi(xi-i,Xi)fi(xi)Q Ti+1 (xi,Xi +1 )gi(xi +1 )d Xi+1 D l!Xi+1 .. 



lc k+1 Jxw J=1 

...Poo(a;ifc,yo)l rfa; o|--|^fe|rfTi...drjt 



[Di )Xi+1 ... ]...[... poo (x fc ,yo)]|dx |.... \dx k \dT!...dT k 

,. ,. l=m 

= ± / / [p 00 (yo,a;o)]--["QT i (a;i-i,»i)][y' /K^K^+OHQt i+1 (xj,x i+ i)] 



[4 i+ i^i, a;i+ i---]---[---Poo(^fe,yo)]|^o|--"|^ik|^n---d'r A: (14) 



l=m 



F k+1 (J2(d9i)Di ® ... (8) Dfc ® //) 



2=1 

Z=m 



= / / yZPoo(yo,xo)(dgi)(xo)D ltX() Q Tl (x ,x 1 ). 
Jc k+1 ix'+i ^ 

■ ■■■fi(x k )p oo (x k ,y' )\dx \-...\dx k \dTi...dT k 



l=m 



= ±/ / y2poo(yo,xo)d xo gi(x )D hxo Q T1 (x ,x 1 ). 
Jc k+1 , =1 

••••/2(^fc)Poo(a;fe,yo)l da; o|....|dx fe |dri...dr fc 

„ „ Z=m 

± / / y^Poo(yo,a;o)fl'j( :z; o)4:o £, i,xoQr 1 ( a; o,a;i)- 
Jc k+1 iXHi ^ 

• •••/K a; fc)Poo(a:fc,yo)l da; o|....|^fc|rfn...d'rfc 
26 



= ± / [d^PooiVOiXo)]^ flix^giixo^iDl^Qr^Xo^!)} 

Jc k+1 Jxw ~ 

..■■[poo(xk,y'o)]\dx \....\dx k \dTi...dT k 

„ l=m 

±/ / boo(yo,^o)][y^ /z(^fc)5'/(^o)][4o^i, :C o<3ri(^o,2;i)] 

Jc k+1 ^ 

....[Poo(^fc,2/o)]l da; o|--|^|dTi-drfc (15) 

For each of the summands dealt with by equations (|13p . ()14[) and (|15p re- 
spectively, one can argue exactly as we did after ([5]). 

This finally proves Proposition 3. 

□ 

Proposition 4. Let f3 = 0% + + be a 0-cycle in C '(Dijf '{£)) with 
Pk 6 Dijf(£)® k . Then, 

Ifls(P) = Ifls(Pi) ■ 

Proof. Pick any t > 0. If / is as in Construction 1, then the cycle (3 is homo- 
topic to the cycle Nf{(3). Since Ifls is a Hochschild 0-cocycle of DifF(£)), 

W/3) = lFLs(N f (J3)) = WiWi)) + ... + /pLs(JV/G9fc)) • 
By proposition 4, 

£|/FLs(iV/(/3,))l<Ce(t) 
i=2 

for some constant C dependent on /3 only. Also, 

Nf(Pi) =Pi± J2( B fO ® ^ ± X) ® (^)a • 
/=i 1=1 

The proof of Proposition 4 can also be used to verify that 

l=m l=m 

|/pls(X(^) ® SlA ± £ /z ® (%)/?i)| < C"e(t) 
i=l !=1 
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for some constant C dependent only on f}\. It follows that 

I W/3) " = \lFLs(N f (j3) - /fls(/3i)| < (C + C")e(t) . 

Now, i may be chosen to be arbitrarily small. In this case, e(t) becomes ar- 
bitrarily small as well. As C + C" depends only on (3, the desired proposition 
follows. 

□ 

Proposition 3 implies the following (surprising) statement. 

Proposition 5. The linear functional 

D i-> str[U DU ) 

vanishes onO-chains ofDiff{£) that are commutators of elements inDiff(£). 

Proof. Let Di,D 2 £ Diff°(£). This proposition is immediate from Proposi- 
tion 4 and the following facts. 

1- I?i,s{d(D\ <8> D 2 )) = since Ifls is a Hochschild 0-cocycle. 
2. The component of d(Di <g> D 2 ) in Diff*(£) is precisely -D X D 2 + D 2 D X - 

□ 

Of course, when D is the commutator of two purely holomorphic differential 
operators on £, the above proposition is standard. The above proposition 
in general, is however very counterintuitive and the author does not see any 
other way of proving it. 

3.3 Extending the supertrace II. 

Let X>ifP (£)([/) denote T(U, PifF(£)). Note that the differential on C'(23ifi , (f )(£/)) 
extends to a differential on the graded vector space ©jfc2?iff*(£ )(£/ fc )[£; — 1]. 
We denote the resulting complex by C*('Diff* (£)(£/)). 

Let hoch(£>iff(£)) denote the sheaf associated to the presheaf 

U 1 ^ (5 s (£>ifF (£)([/)) 
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of complexes of C-vector spaces. Note that hoch(£>iff(£ )) is a complex whose 
terms are modules over the sheaf of smooth functions on X. It follows that 

H'(r(X,hoch(Piff(^)))) ~ M'(X,hocHDiS(£))) ■ 
The following proposition follows from Proposition 4. 

Proposition 6. Ifls extends to a linear functional on T(X , hoch{T>iff{6))) 
that vanishes on the image of the differential d of T(X, hoch(Viff{£))) . 

Proof. 

Part 1: Constructing sir: 

Let hoch fe (Piff(£)) denote the sheaf associated to the presheaf 

U ^Vi^{£^ k ){U k )[k-l] 

of graded C-vector spaces. Then, any 0-cycle in T(X, hoch(£>iff(£))) is given 

by ft + ... + ft where ft e T(X, hoch*(Piff(£))). Note that hoch 1 (X»ifT(5)) = 
ViS*(S). It follows that (3i is an element of Difl°(£). 

Let str be the linear functional on T(X, hoch(X>iff(5))) that vanishes on p- 
chains whenever p / 0. For a zero chain (3 = j3\ + ... + ft with ft <G 

r^hoch^Piff^))), set 

str(/3) = / FLS (ft) . 

This is a well defined linear functional on the space of 0-chains of T(X, hoch.(ViS(£))) . 
Part 2: 

We now need to show that str vanishes on the image of d. 

Claim A: The natural map from Diff (£ to T(X, hoch 2 (Piff(£:))) is a 
surjection of graded C-vector spaces. 

We postpone the proof of Claim A for the next part of the proof. Let 
Note that the differential on C*(Diff*(£)) extends to a differential d on 
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® k BiS*{£ m )[k - 1]. This differential is a sum of the differentials dn : 
Diff -> DifF(£' a - 1 ) and 9. By Proposition 4 and Claim 1, to 
show that sir vanishes on the image of d, it suffices to show that the map 
Diff°(£) -> C 

£> i * str(n L>n ) 

vanishes on the image of d u : Diff°(£ K2 ) -> Difl°(£). 

Let Diff^ fc '*(£) denote r(X, Dolb'(X, O x ) <8> £>iff- fc (£)) where Piff^ fc (£) de- 
notes the sheaf of differential operators on £ of order < k. Equip Diff- fc, *(£) 
with the topology generated by the family of seminorms {||.||a",s \K C 
X compact , s G T(K, £ <g) O*)} given by 

||£% )a = Sup{||£>(«)(s)|| |s€tf} . 

The topology on Diff* (5) is the direct limit of the topologies on the Diff^ fc ''(£) 
The topology on Diff*(£ K2 ) is defined analogously. 

Note that DifF(£)® 2 is dense in Difi*(£ m ). Further, d n : DifF(£ H2 ) -> 
Diff* (5) is continuous. The restriction of c?h to Diff°(£)® 2 is just the map 

D 1 ®D 2 ^ D 2 D 1 - D X D 2 . 

The desired proposition now follows from Proposition 5. 

Part 3: Proof of Claim A. 

Given any element a of T(X, hoch 2 (Diff(£ ))), pick a finite cover X = UjC/j 
of open sets such that a\u { is an element of Diff* (5 ^ 2 )(L r j x t/j)[l]. Pick a 
partition of unity {/«} by compactly supported smooth functions subordi- 
nate to he cover UjJ/j. Let ^ be a compactly supported smooth function 
supported on a subset of Ui that is identically 1 on the support of Then, 

i 

is an element of Diff* (£ H2 )[1] whose image in T(X, hoch 2 (Piff (£"))) is q. 

□ 

Next, we note that we have a natural (degree preserving) map 

7 : hoch(£>iff(£)) — > hoch(Diff(£)) of complexes of sheaves of C- vector spaces 
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onl. This induces a map 7* : W(X, hoch(X>iff(£ ))) -> M*(X, hoch(PifF(f ))). 

Recall that R°(T(X, hoch(PifF(f)) = H°(X, hoch(23iff(f ))). The following 
corollary of Proposition 6 is immediate. 

Corollary 3. ( Corollary to Proposition 6) The Hochschild cocycle str : 
HH$(Diff '(£)) — > C extends to a C-linear functional 

sir : M°(X, hoch(Viff(£))) -> C. 

It is then immediate that str o 7* gives us a linear functional on 
M°(X, hoch(Diff* (£))). We state this as a corollary for emphasis. 

Corollary 4. The linear functional str in the previous corollary gives us a 
linear functional ir : M°(X, hoch(Viff{£))) — > C. 

We denote W^X, hoch(£>iff (£))) by HH_j(X»iff (£)). 

Now consider a global holomorphic differential operator D on £ . D can 
be thought of as an element of T(X, ViS*(£)) as well. Thus, D gives us a 
0-cocycle of the cochain complex T(X, T>(£)®') . Let D denote this cocycle. 
One the other hand, D can be thought of as a global section of the degree 
term of the complex hoch(Piff(£")). It follows that D yields a 0-cycle in the 
bi-complex computing M*(X, hoch(Diff(£))). Call this 0-cycle D. It is easy 
to check that ^(D) = D. We have thus, proven the following proposition. 

Proposition 7. The following diagram commutes. 

HH (Diff(£)) ► HH (Viff(£)) 

str £r 

c > c 

id 

3.4 The first bookkeeping lemma 

Consider £ as a sub bundle of £®J r where T is another vector bundle on X. 
We then have a map i : £>iff(£) — > Piff(5 © T) of sheaves of C-vector spaces 
whose restriction to U i : T(U, ViS(£)) — > r({7, Piff(5 © ^ r )) is an injection 
that preserves addition and multiplication for each open U C X. This also 
induces an map l : Diff*(£) — > Piff*(5 © J 7 ) of sheaves of C-vector spaces 
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whose restriction to U i : Piff" '(£)(U) — > Diff*(£ © F){U) is an injection for 
each open £/ C X . 

i preserves addition and multiplication though it does not preserve the iden- 
tity. I therefore induces a map from hoch(X>iff(£)) to hoch(Diff(£ © J 7 )), 
which we will denote byT. Let 7* denote the map from H*(T(X, hoch(X>iff(5)))) 

to R*(T(X, hoch(X>iff(£ © JF)))) induced by Z The following "bookkeeping 
lemma" holds. 

Lemma 1. The following diagram commutes : 

H°(T(X,hoch(Viff(£)))) — ^ H°(T(X,hoch(Viff(£®^)))) 

str str 



Proof. By Proposition 5 and the proof of Proposition 6, it is enough to show 
that for any D G Difl°(£), 

str(n K . £ D1 K . e ) = str(n K . £(Br T(D)l K . Q £mT ) . 

The above equality holds since the following diagrams commute: 



K 


• 

£ 






D 


r(D) 




K- £ 


*■ K £®.F 


K' £ 


► K" 


£®r 




n K - £ n K . 


o £e^ 




K* 


£ 


► K o £®;f 


K* 


£ 


► K o £®r 






o se^ 






► K* 


£®r 



□ 
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The map i induces a map i : hoch(£>iff(£)) — > hoch(Diff(£ © JF)). Let £* 
denote the map induced by I from HH*(£>iff(£:)) to rffl*(£>iff(£ © T)). The 
following corollary now follows . 



Corollary 5. The following diagram commutes . 

HH (Vtff(£)) HH (Vifi{£ © Fj) 



tr 



tr 



id 



c 

Proof. For this we only need to recall that by the definition of i at the be- 
ginning of this section the following diagram commutes. 



T(U k ,ViS(£ m )) 

7 

r(u k ,vitf* (s m )) 



7 

T{U k ,V\ft , ({£@Ff lk )) 



Taking hypercohomology, we see that 7* o = t, o 7,. The corollary now 
follows immediately from Lemma 1. 



□ 



4 The completed Hochschild homology of £>iff(£) 
and the cohomology of X 

4.1 Preliminaries 

Recall the definition of hoch(Piff(<S)) from Section 3.2. Let hoch(Diff(X)) 
denote hoch(Piff(0x))- Let C denote the constant sheaf on X such that 
T(U, C) ~ C for every open U C X and whose restriction maps are all iden- 
tity. 

Lemma 2 (Bryl). hoch{Diff(X)) is quasiisomorphic to C[2n] where n is the 
dimension of X. 
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Proof. (Sketch of the Proof recalled from [Bryl]) It is enough to check the 
above fact for any open ball U C X, at the level of pre sheaves. In other 
words, it is enough to show that the complex Diff(t r *) with Hochschild dif- 
ferential is quasiisomorphic to C[2n] as complexes of C- vector spaces. 

We filter Diff(t7) by degree. More precisely, set F~ n (DiE(U)) := Diff^ n (?7).The 
associated graded gr(Diff(£7)) is the space of functions C?t*£/ on the cotan- 
gent bundle T*U that are algebraic(polynomial) along the fibres. 

This filtration of Diff(J7) is exhaustive. It yields a filtration of the com- 
plex Diff(f7") equipped with Hochschild differential. This filtration yields a 
spectral sequence converging to the cohomology of the complex Di&(U') . 
E™ := (B p+q=m Ef ,q term is m th cohomology of the completed Hochschild 
complex of 0^*jj. This is isomorphic to the space of — m-holomorphic forms 
on T*U that are algebraic along the fibres (see [Bryl]). Given local coordi- 
nates zi, ..z n on U and yi, ■■■,y n on the fibre of T*U, defining the weight of 
d,Zi to be and that of dyi to be 1 for all % enables us to define the notion 
of the weight of a holomorphic form on T*?7. In the spectral sequence of 
this proof-sketch, E^' m ~ p is simply the space —m- forms on T*U of weight 
—p. Therefore, E 1 n ' n is the only nonzero summand of E^ 2n . By Theorem 
3.1.1 and corollary 2.2.2 of [Bryl], the E™ = E™ term of this spectral se- 
quence is the 2n + m th De-Rham cohomology of T*U. This is if m ^ —2n 
and C otherwise. This proves the desired lemma. Moreover, £^" n,-n is the 
only nontrivial summand of E^ 2 ™- Therefore, the — 2nth cohomology of this 
complex can be identified with i?^~ n ' -n . 

□ 

Lemma 3. hoch(T>iff(£)) is quasiisomorphic to C[2n] where n is the dimen- 
sion of X. 

Proof. This is again something that needs to be verified locally. We imitate 
the proof of the Morita invariance of Hochschild homology in [Loday] Sec- 
tion 1.2 here. 

Part 1: Recalling the proof of Morita invariance of the Hochschild homology 
of a C-algebra : 

Recall from [Loday] that if A is any C-algebra, and if M r (A) denotes the 
algebra of r x r matrices with entries in A, then we have a map tr from the 
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Hochschild complex of M r (A) to that of A. The Hochschild chain Mi © ... © 
M fc is mapped to tr(Mi Q....Q M fc ) where : M r (A) ©M r (5) -»■ M r (A©5) 
is an exterior multiplication. There is also a map of complexes inc in the 
opposite direction which is induced by the inclusion of A in M r (A) taking 
an element a of A to the matrix with a. En. tr o inc = id and there is 
a pre simplicial homotopy h from inc o tr to id. This homotopy is given 
by h = Ei (-1)% where hi : M r (A)® fc+1 -» M r (yl)® fe+2 is defined by the 
formula 

hi(a° © ... (g>a k ) = Y J Eji{a° jr ) © £ii(a£ m ) © .. 
.. © E n (oj,) © E lq (l) © a m © ... © a k 

The sum here is over all possible tuples of indices (j, r, ...,p, g).[Loday] (Sec- 
tion 1.2). Eij(x) = x.Eij, where Eij is the elementary matrix whose only 
nonzero entry is a 1 at the ij position. 

Let U be an open ball contained in X. 

Part 2: Morita invariance of the completed Hochschild homology of Diff(U) : 

Recall that the completed Hochschild complex C*(Diff(C/)) is obtained by 
equipping the graded vector space ©fc>iDiff(C/ fc )[A; — 1] with the Hochschild 
differential. In this complex, Diff(U k ) should be viewed as the fe-th com- 
pleted tensor power of Diff(C7). With this in mind, the k-th completed tensor 
power of M r (Diff([/)) will be M r (C)® fc © Diff(C/ fc ). One may verify that the 
Hochschild differential on C*(M r (Diff ([/))) extends to a differential on the 
graded vector space ©fc>iM r (C) (Xlfc ©Diff(C/ fc )[fc — 1]. The resulting complex 

is the completed Hochschild complex C*(M r .(DifT( [/))). 

One can verify without much difficulty that tr and inc extend to maps of 
complexes tr : C*(M^Diff([/))) -» C*(Diff(C/)) and inc : C*(Diff(C/)) -> 

C*(M r (Diff([/))) respectively such that tr o inc = id. It is also useful for us 
to note that explicitly, if mi, ...,mfc <G M r (C),and if a G Diff([/ fc ), then 

tr(m\ © ... © mfc © a) = tr{m\ o ... o mfc)a . 

Moreover /i extends to a map /i : C fe (M r (Diff([/))) -» C fc+1 (M r (Diff(?7))) for 
all k with dh + hd = id — inc o tr. Thus, 

tr : C , (M J .(Diff(C/))) -> C*(DifF(C/)) is a quasiisomorphism. It follows from 
Lemma 2 that C , (M r .(DifT(C/))) is quasiisomorphic to C[2n]. 
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Part 3: Proof of the Lemma 



Let r be the rank of £. If U is an open ball of X, on which £ is trivial, then 
Diff(£ \u) is isomorphic to M r (Diff(C/)) as topological algebras. The actual 
isomorphism depends on the choice of (holomorphic) trivialization of £. For 
a holomorphic trivialization (ft of £ over U, let (ft Q denote the isomorphism 
between Diff(£ and M r (Diff(£/)). Then, (ft induces an isomorphism of 
complexes C*(X>iff(£)(f7)) -»• C'(M r (Diff(E/))). This extends to an isomor- 
phism of complexes 0* : C*(l5ffi{£)(U)) -» C'(M^(Diff(?7))). We however, 
know that C*(M r (Diff ([/))) is quasiisomorphic to C[2n]. 

The desired lemma will follow provided that we check that the quasiisomor- 
phism tr o (ft* is independent of the choice of trivialization (ft. We will show 
that if ift is another holomorphic trivialization of £ over U, then the maps 
troift* =tro (ft^ of complexes from C (D\ff(£\u)) to C*(Diff({/)) induce the 
same map on cohomology. 

Note that (ft* o^ 1 : C*(M^(Diff (17))) -► C # (M^Diff(f7))) is induced by the 
map M r (Diff(?7)) -> M r (Diff(C/)) taking an element of M r (Diff(C/)) to its 
conjugate by an r x r matrix N of holomorphic functions on U. Denote this 
map of completed Hochschild complexes by cat. We only need to show that 
the maps tr o cn and tr of complexes of C-vector spaces induce the same 
map on cohomology. 

Recall that DifT(f7) is a filtered algebra with F_ m (Diff(f7)) = Diff^ m (C7), 
the space of (holomorphic) differential operators on U of order at most 
m. This yields us a filtration on M r (Diff(f7)) with F_ m (M r (Diff(f7))) = 
M r (Diff^ m (f7)). We have gr(M r (Diff([/))) = M r (gr(Diff(?7))). 

The above filtration gives us a spectral sequence with 

E% = HH_ n (gr(M r (Diff(l7)))) and = HH_ n (M r (Diff([/))). The endo- 
morphism induced by the endomorphism a -w NaN^ 1 where N is a matrix 
of holomorphic functions preserves the filtration on M r (Diff(J7)) and thus 
induces an endomorphism of a spectral sequence on the spectral sequence 
described above. 

Note that gr(M r (Diff (U))) = M r (gr(Diff (U))) and that the endomorphism 
induced by conjugation by N is still conjugation by N. Denote this endomor- 
phism by cat as well. We now claim that the following diagram commutes 
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upto cohomology. 



C'(M r (gr(Diff(C/)))) C'(M r (gr(Diff(C/)))) 

tr tr 

C*(gr(Diff(C/))) -^U C*(gr(Diff(C/))) 

To see this, note that if a € C fc (gr(Diff([/))) is a cocycle, a = tr(^id® .... <g> 
id ® a). In other words, a is the trace of a "scalar" matrix whose diagonal 
elements are a upto a scalar factor. Now, 

c N {id® .... ®id®a) = (N ® .... <g> N)(id<g> .... ® id <g> a)(iV _1 <g> .... ®iV _1 ) 

= (id <g) .... <S> id <8> a) . 

It follows that (tr o CN)*{id <8> •••• <S> id <X> a) = ir*(id <8> •••• <8> id <X> a) where 
id ® .... <8) id <8) a denotes the class in cohomology of the cocycle 
id (g> .... <8> id <g> a. 



Therefore, the map of spectral sequences induced by tr o cat coincides with 
that induced by tr at the £i level, and hence at the E2 = E^ level. Finally, 
by part 2 of this proof and by the proof-sketch for Lemma 2, .E 2 ~ n ' _n is the 
only nonzero E2 term in this spectral sequence , and £^~ n,_ ™ ~ C. It follows 
that the endomorphisms on cohomology induced by tr and tr o cat are indeed 
the endomorphisms they induce on £^~ n ' _n . We have just shown that the 
maps induced tr and trocN on E r terms coincide for any r > 1. This proves 
the desired lemma. 

□ 

We can now state the following immediate corollary to Lemma 3. 
Corollary 6. 

HH^(Viff(S)) ^ H 2n -\X,C) . 
We denote the isomorphism described in this corollary by @g. 



4.2 The second "bookkeeping" lemma 

We once more look at the situation where £ is a direct summand of £ © T . 
Notation is as in Section 3.4 of this paper. We have a map 1 : £>iff(£) — > 
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Di&(£ © J-). This induces a map , denoted by t from hoch(Diff(f )) to 
hoch(2?iff(£ ® J-)). The following lemma holds. 

Lemma 4. The following diagram commutes. 

HH-i(Viff(£)) HH^{Viff{£ @ f)) 

Ifin-^X, C) — fl^-^C) 

Proof. Step 1: 

Let D(Shc(X)) denote the derived category of sheaves of C-vector spaces 
on X. 

Recall that in the proof of Lemma 3 we showed that the complex hoch(Diff(£ )) 
of sheaves of C -vector spaces was quasiisomorphic to hoch(X>iff(0x))- De- 
note this quasiisomorphism by is- hoch(Piff(C?x)) is quasiisomorphic to 
C[2n]. Let i denote this quasiisomorphism for this proof. 

It suffices to verify that the following diagram commutes in D(Shc(X)). 

hoch(Piff(f)) — ► hocn(Piff(£ © F)) 

ioi £ ioie®T (16) 

C[2n] — C[2n] 

Since a sheaf of C-vector spaces is injective iff it is flasque (see [Riet], Lemma 
3.3), the constant sheaf C is an injective object in the category of sheaves 
of C-vector spaces on X. It follows from this that 

Hom D(Shc(x)) (C,C) ~ C . 

The diagram (|16p therefore, commutes in D(Shc(-X")) upto a scalar factor. 
Checking that that scalar factor is one can be "done locally". It therefore, 
suffices to verify that there exists a neighbourhood U of every point in X 
such that the following diagram commutes in D (She ([/)). 
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hoch(Diff(£))|iy 

ioi £ \ u 

C[2n] 

iStep Verifying (fT7|) . 



'It/ 



id 



hoch(Diff(£ ©^))|[/ 
C[2n] 



(17) 



It suffices to verify (|17p at the level of pre-sheaves. We must therefore , 
prove that the following diagram commutes in the category of complexes of 
C-vector spaces upto cohomology. 



C'(ViS(£)(U)) 

ioi £ \u 

C[2n] 



id 



C'(ViS(£ ®T){U)) 

ioi e®T\u 
C[2n] 



(18) 



To verify that the above diagram commutes upto cohomology , it suffices to 
verify that the diagram below commutes upto cohomology in the category 
of complexes of C-vector spaces. 



C*(ViS(£)(U)) 



C*(ViR(£®T){U)) 



l s\u 



(19) 



C'(ViS(U)) 



id 



C'(piS(U)) 



Most of the hard work necessary for this step has been done already. Let <j)£ 
and 4>fr denote holomorphic trivializations over U of £ and J- respectively. 
Then, eft := (j)£ © is a holomorphic trivialization of £ T over U. 

This yields the following commutative diagram, all of whose morphisms are 
continuous, r and s denote the ranks of £ and T respectively. 



Piff (£)([/) 
M r (Diff([/)) 



Viff(£®F)(y) 



M r+s (Diff([/)) 



This yields the following commutative diagram. 
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C(ViS(£)(U)) — ^ C*(Vffi(S ®F)(U)) 



<t>e,* 4>* 

C*(M^(Diff (?/))) C'(M r ^(l5iff(C/))) 

i rjS denotes the embedding from M r (Diff([/)) to M r _|_ s (Diff(?7)) which takes 
a matrix a € M r (Diff(i7)) to a G M r+s (Diff(i7)) where a,.,- = ay if € 
{1, r} x {1, r} and = otherwise. 

Now, we proved that ig\u = tr r o 0g * in part 3 of the proof Lemma 3. Here, 

tr r is the map tr : C*(M^Diff (£/))) -> C*(Diff(C7)) described in the proof of 
Lemma 3. Similarly, i(£®p)\ u = tr r+s o 

It therefore, suffices to prove that the following diagram commutes. 



C'(M^(Diff ([/))) C*(M r ^(Diff(*7))) 

C*(Diff(Z7)) — ^ C'(Drrf(77)) 

This follows immediately from the explicit formula for tr r recalled in Part 2 
of the proof of Lemma 3. This finally verifies (119p . thus proving the desired 
lemma. 



□ 



4.3 Proof of theorem 2 

Proof. (Proof of theorem 2) 

Corollary 5 states that the following diagram commutes. 



HH (X>iff(£)) — RR (ViS(£ e J 7 )) 



tr 



tr 



id 



c 

Lemma 4 for i = now states that the following diagram commutes. 
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HH (Piff(5)) — ^ HH (PifF(5eJT)) 



/3f fee^ 
H 2n (X,C) — H 2n (X,C) 

It follows that tr o (3s~ 1 = tr o 0s@T~ X ■ In the notation of Theorem 2, this 
says that Is = Ie®t- A symmetric argument shows that I? = Is®t- This 
completes the proof of Theorem 2. 

□ 

5 The completed Cyclic homology of Diff(£) 

5.1 Recollections on Cyclic homology 
5.1.1 Tsygan's double complex 

Let A be a dg-C-algebra such that A n = for almost all n. Let d^ ar and 
dhoch denote the differentials of bar* (,4) and C'(A) respectively. 

Let r : A® k -> A® k denote the map 

ai®....®a k ^ (-l)( dk+1 ^ dl+ --- +dk - 1+k ~ 1 ^a k ®a 1 ®....®a k -i for homogenous 
elements a±, a k of .A of degrees d\, .., d k respectively. Let N : A® k — > A® k 
be the map iV = l + T + .. + r fc_1 . 

r and iV induce maps from A® k to ^4® fc for any k. It follows that r and 
iV induce maps from bar~ n (A) to C~ n (y4) and C~ n (A) to bar~ n (.4) respec- 
tively for any n. 

Consider the following double complex the degree of whose non-zero columns 
is non positive. 
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^hoch 



^hoch 



^hoch 



^hoch 



N 



N 



N 



^bar 

bar°(„4) 

— ^bar 

bar" 1 (.4) 

^bar 

bar~ 2 („4) 



id—T 



^hoch 




♦ C°(A) 


^hoch 




♦ c~\A) 


^hoch 




♦ C- 2 (A) 


^hoch 





N 



N 



N 



^bar 

bar°(„4) 
bar- 1 ^) 

bar- 2 (^) 



id—T 



^hoch 




♦ C°(.A) 


^hoch 




* cr 1 


{A) 


^hoch 




♦ C- 2 (A) 


^hoch 





We denote the above double complex by CC'*(A). CC p ' q (A) = C q (A) if p 
is even and non-positive, CC p ' q (A) = bar 9 („4) if p is odd and negative, and 
CC p > q (A) = otherwise. 

The vertical differential d v : CC p ' q (A) CC p ' q+1 (A) is d hoch if p is even 
and non positive , and — <ibar if V is °dd and negative. 

The horizontal differential d h : CC p ' q (A) -»• CC p+1 > q (A) is given by id - r if 
p is odd and negative and N if p is even and negative. 

The double complex CC°''(A) is called the Tsygan's double complex of A. 

Definition The Cyclic complex of A is the total complex of CC*'*(.4). It is 
denoted by Cycl'(^l). 

Definition The cyclic homology HC_j(*4) is the — ith cohomology of Cycl*(v4). 
As in Section 2.1, contrary to the standard practice , we refer to a — i cocycle 
of Cycl*(^4) as an i-cycle in Cycl'(A). The following standard propositions 
are important to us. 



Proposition 8. (i) If B = End(V) where V* is a finite dimensional graded 
C- vector space with zero differential, then, 

HC- 2i (B) ~ C 
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for all i > 0. All other cyclic homologies of B vanish. 

(ii) Further, the map tr2i yielding the above isomorphism, is obtained by 
mapping the class in HC-2i(B) of a 2i-cycle in CycF(B) given by a tuple 
(&2i,&2i-i,....,6o) to str(b ) where b k G CC~ 2l+k ^ k (B). 

(Hi) Still further, the map tr^% yielding the above isomorphism, maps the 
class in HC-2i(B) of a 2i-cycle in Cyct(B) given by a tuple 
(62i,62i_i,....,6o,6-i,-,6-2j) >0 , b k e CCr 2%+k ^ k (B)) to str(b ). 

Proof. There is a spectral sequence converging to HC, (B) such that E\' q = 
H q (CC p, '(B)) . This is the spectral sequence that arises out of the filtra- 
tion of the double complex CC' 9 (B) by columns. Now , since B has a unit 
har'(B) is acyclic by recollection 1 of Section 2.1. C(B) is quasiisomorphic 
to C concentrated in degree by Proposition 1. It follows that E 1 2i '° ~ C 
for all i > and E p ' q = for all other (p,q). This spectral sequence there- 
fore collapses at E 1 . It follows that HC_ 2 i(£) ^ E~ 2ifi ~ C for all i > 0. 
This proves part (i). 

Let F* be the filtration on Cycl*(S) yielding the spectral sequence in the 
proof of part (i) of this proposition. Consider a tuple (p2i, &2i-i, &o) with 
b k € CC~ 2t+k ~ k (B) that yields a cyclic cycle. Then, (6 2 j, &2?-i, M € 
F~^Cycl (#). It follows that the image of (&2i, &2i-i, &o) in jr-^+ic y ci«(B) : 
C*(i3) is the Hochschild 0-cycle 6 . Note that £~ 2i+j = for j ^ and 
£;- 2i '° = H°( jg^^^j ) ~ HHo(iB). It follows that the image of the 

tuple (b2i, &2i— l, ■•■•) &o) i n E[ 2i '°, and therefore in HC_2i($) is the image of 
&o in HHo(S). By proposition 1, this is precisely str(bo)- This proves that 

tr2i({b2i, ■ bo)) = str(&o) where (b2i,., bo) is the class in HC_2j(<B) of the 
cycle obtained from (621, &2i-i, bo). This proves part (ii). 

To prove part (iii), note that if (621, &2j-i, bo, 6-1, b-2j) (j > 0) is a 
cyclic cycle, then 6_ 2 j is a Hochschild — 2j-cycle. It follows from propo- 
sition 1 that b-2j = dhochC-2j+i for some c_2j+i € C 2j_1 (;B). Consider 
c_ 2i +i G CC- 2 *- 2 ^'- 1 ^) as an element of Cycl -2 * -1 ^). Then, the cycle 
(hi, foi-i, bo, 6_i, 6_2j) - d cyc ic-2j+i arises out of the cycle 
(&2i,&2i-i,— ^fto^-i,— ,&-2j+i + Nc- 2 j+i,0) of CC''(B). Therefore, the 
class of [p2i, &2i-i) ••■•) bo, b—i, 6—2.7) i n HC_2i(£>) is the same as the class 
of (&2i, &2i-i, — ■, &o, — , b-2j+i + Nc-2j+i, 0) in HC_2i(/3). Since the bar 
complex of B is acyclic , 6-2.7+1 + -^c_2j+i = ^barC-2j+2 for some element 
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c -2j+2 of bar 2 - 7 2 (B). The previous step can be repeated to show that the 
class of (621, &2i-i, bo, b-2j) in HC_2i(£>) is the same as the class of 

(&2i, &2i-i, &o, &-i, -, 6_2i+2 + (id-r)c_ 2 j+2, 0, 0) in HC_ 2 j(S). This pro- 
cess can be continued to show that the class of (621, &2i-i, bo, 6-1, 6-2j) 
in HC_2j(-B) is the same as the class of (&2i> &2i-ij ■•■•> &o + (id — t)co) in 
HC_2i(£?) for some element Co of bar (5). By part (ii) of this proposition, 
this is equal to str(6o + (id — t)cq). But str((id — t)cq) = for any element 
Co of bar (£>) . This proves (iii) . 

□ 

If .A is a (unital) dg-C-algebra , let CC^''(A) denote the bicomplex con- 
sisting of the columns CC~ 1 '*(A) and CC ''(A) with differentials as in 

We recall that we have an exact sequence of complexes 

► Tot(CC^>' # (A)) — ► Cyd*{A) — Cycl* +2 (A) ► 

We recall that CC 1,9 (A) is acyclic (Recollection 1, Section 2.1). It fol- 
lows that CC^'*(A) is quasiisomorphic to C'(A). This quasiisomorphism 
is realized by the map of complexes taking € C~ k (A) to (dk,0) G 
C~ k (A) ®bai 1 ~ k (A) . We denote the composite of I with this quasiisomor- 
phism by I. The map S is obtained by projection to the double complex 
obtained from CC''(A) by truncating the columns CC*'*(^4) for i = 0, — 1. 
We now obtain the following proposition. 

Proposition 9. If B = End(V) where V is a finite dimensional graded 
C- vector space with zero differential, then, the following diagrams commute. 

2i+2{B) 

tr 2 i tr 2 i-2 

c — -^-» c 

HHo(B) — HCo(B) 

str tro 

c — c 
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Proof. Let (hi, hi-i, • bo) , bj € CC -2 ^'"^^) be a tuple yielding a cyclic 
cycle. We already demonstrated while proving part (iii) of proposition 8 that 
any class in HC_2j(S) can be represented by a cycle coming from a tuple of 
this form^Let 

(hi, hi-i, •—, bo) denote the class of (hi, hi-i, h) in HC_ 2 j(i3). Then, 

^2i((hi,hi-i, -;bo)) = str(6 ) by Proposition 8. 

S((hi,hi-i, -;bo)) = (hi-2,hi-3, ■ ■■■,h) by the definition of S. 

^2i-2((hi-2, hi-3, h)) = str(&o) by Proposition 8. This proves that the 
first diagram commutes. 

Let b be a Hochschild 0-cycle of B. Then, I (bo) = b € CC°'°(-B) 1 Let b 
denote the class of bo in HHo(i3). Then, bo = str(&o)- However, 1(h) = h- 
Now tro(6o) = str(feo) by Proposition 8. This proves that the second diagram 
commutes. 

□ 

Further, if T : A — > B is an morphism with Taylor components Tk, we 
have the following proposition. 

Proposition 10. The map Tnoch mentioned in Proposition 2 extends to a 
map T C yci of complexes from CycF (A) to CycF (B) 

Proof. It suffices to check that ^koch extends to a map of ^tsyg bicomplexes 
from CC>\A) to CC''*(iB). 

Let ^tsyg : CC p ' q (A) — > CC p ' q (B) be Fuoch if P is even and non positive and 
•^bar if P is odd and negative. 

By Proposition 2, ^Hoch : CC P '*(^4) — > CC P '*(B) is a map of complexes of 
C-vector spaces if p is even and non positive. By the definition of an Aqo- 
morphism, J^bar : CC p '*(^l) — > CC P '*(^) is a map of complexes if p is odd 
and negative. 

The following verifications, which we leave to the reader, complete the 
proof that ^tsyg is a map of bi-complexes, and thus yields a map J^yci : 
Cycl*(.A) -> Cycl'(B) of complexes. 

(i) (id - t) o JT bar = JT Hoch o (1 - r) . 
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(ii) N o jr Hoch = jr Bar o N . 
Here, N and r are as in the definitions of CC°'*(A) and CC''(B). 

□ 

We also state the following consequence of Propositions 10 and 8 as a propo- 
sition. 

Proposition 11. Let A be a dg-C algebra. Let B be asj/n Proposition 9. 
Suppose that T is an morphism from A to B. Let J- cyc i denote the map 
from HC,(A) to HC,(B) induced by T cyc i. 

1. 

tr 2 i o F cyc i{(a2i, ....,a ,a-i, ...,a_z)) = str(F Hoch (ao)) . 

2. If oq is a Hochschild 0- cycle arising out of a degree k — 1 element of A® k 
then, 

s=k-l 

tr 2i oj=' cyc i((a2i,...,a ,a- 1 ,...,a-i))= ^ str(F k (T s (a ))) 

s=0 

where r is as in Corollary 2. 

Proof. By the proof of Proposition 10, 

^tsyg(a2i, a>o, a_i, a_/) = 

(-^Hoch (a 2 i ) , ^bar («2i- 1 ) , • • • , -^bar («1 ) , -^Hoch («0 ),••■• , -^bar /hoch («-/)) 

where ^bar/hoch^-z) = ^hochlo-/) if / is even and ^bar/hoch(a-/) = ^bar(a-0 
if / is odd. Part 1 of this proposition now follows immediately from Propo- 
sition 8, part (iii). Part 2 of this proposition is immediate from Part 1 and 
Corollary 2 . 

□ 

5.2 The complex Cycl*(5&(5)) 

Let C°° denote the sheaf of smooth functions on X. For each open U C X, 
we can consider the completed Hochschild complex of PifT (£)(U) as in 
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Section 3.3. Denote this complex by C*(PifT* (£))({/). Consider the sheafi- 
fication of the presheaf U C {ViS* (£)){U) . Recall that this sheaf of 
complexes of C°°-modules was denoted by hoch(Piff(£)) in Section 3.3. Un- 
like in Section 3.3, let hoch n (Piff(£)) denote the degree n component of 
hoch(PirT(f)). 

One can also consider the completed Bar complex bar*(Diff*(^)(t r )). This 
is defined as in Section 3.3 - the underlying graded C-vector space of the 
complex bar*(PifF(£)(£/)) is the same as that of C*(Piff*(£))(£/) but the 
differential on bar* (Piff* (£)(U)) is the bar differential. We will denote the 

sheafification of the presheaf U ~» bar*(PifF(£)(£/)) by bax*(PifF(£)). We 
have the following proposition. 

Proposition 12. The differentials in Tsygan's double complex for T> iff (£)(U) 
extend to yield differentials for the following double complex of C°° -modules 
on X. 



dhoch 



dhoch 



dhoch 



dhoch 



-dba 



N 



N 



N 



bar°(Vijf(£)) 



bar-\Viff{£)) 

-dba 

bar-\Viff(£)) 



id—r 



dhoch 

hoch\Viff[S)) 

dhoch 

I'och TP 

dhoch 

I'och \v . , 

djioch 



N 



N 



N 



-dba 

bar if (V, y 

-dba 

bar-\Vijf(£)) 



bar-\Viff(£)) 

dbar 



id—r 



id—r 



Proof. This only needs to be checked at the level of presheaves. The double 
complex mentioned in this proposition is the sheafification of the presheaf 
U ~* CC*'*{mF(£)(U)). Here, CC*'* (Piff*(£)(f7)) is the double complex 
obtained by replacing the Hochschild and bar complexes that make up the 
columns of Tsygan's double complex of Piff* (£)(U) with their completed 



d>hoch 

hoch^mff(£)) 

dhoch 

hoch^Diff{£)) 

dhoch 

hoch^(Viff{£)) 

dhoch 
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versions. It is also clear that id — T and N extend to horizontal differentials 
on the double complex in this proposition. □ 



We denote the total complex of this double complex by Cycl (Piff(£ )). Since 
it is a complex of C°° modules, its Hypercohomology is computed by the 
complex F(X, Cyc\(ViS(£ ))). 

The following cyclic analog of Proposition 6 follows from Proposition 11 
and the fact that J2 S 7-5 — r) = 0. We denote the — 2i th cohomology of 
F(X,^d{ViS{£))) by HC_2i(Z>iff(£)). 

Proposition 13. The formula described in Proposition 11 extends to yield 
us a C- linear functional tr^% ■ HC-2i{piff(£)) — > C. 

Proof. The fact that the formula makes sense follows directly from Propo- 
sition 11 and Proposition 6. To show that it vanishes on coboundaries, we 
recall that Proposition 6 also tells us that it vanishes on the image of the 
dhoch differential. We only need to verify that it vanishes on the image of the 
id — T differential. This is a consequence of the fact that ^ s T s {id — r) = 0. 

□ 

Recall that we had a map S : Cycl'(Diff'(f )) -> Cycr +2 (DifF(£)). It is easy 
to verify that this yields us a map S : Cycl*(Diff*(£)) -» Cycl* + (DifF(£)) . 
Similarly, I can be seen to extend to a map of complexes I : hoch(X>iff(£)) — > 
Cycl (Diff*(£)). A direct consequence of the formula in Proposition 11 is 
the following proposition. 

Proposition 14. The following diagrams commute. 

HC_ 2i {Viff(£)) —2— EC_ 

{Viff(£)) 

c — -^-» c 

rf(T(X,hocUmff(£)))) HCoCDiMS)) 

str tro 

C — !^-». c 
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5.3 The completed cyclic homology of X>iff(£) and the coho- 
mology of X 

5.3.1 The completed cyclic homology of Diff(£) 

We can define the completed Bar complex of Piff(£ ). This is the sheafifica- 
tion of the presheaf U — > bar*(2?iff(f )([/)). The terms of this complex are 
the same as in hoch(2?iff(£)) but the differential is the bar differential. We 
denote this by bar(2?iff(£ )). 

We can obtain the completed Tsygan's double complex of Piff(£ ). This is a 
double complex of sheaves of C- vector spaces on X, whose non-positive even 
columns are hoch (ViS(£ )) and whose negative odd columns are bar(2?iff(£ )). 
The horizontal differentials in Tsygan's double complex extend to this sit- 
uation to give us well defined horizontal differentials. We will denote the 
total complex of this double complex by Cycl (Di&(£)). 

Before we proceed, we note that as before, we have a (degree preserving) 
natural map of complexes 7 : Cycl (2?iff(£)) — > Cycl (T>iS(£ )). This induces 
a map 7* : M'(X, Cycl* (PifT (£ ))) -► W(X, Cycl*(£>iff(£ ))). Note that the 

• »+2 

map S extends to a map of complexes Cycl (ViS(£)) — > Cycl (Piff(£ )). 
Similarly, the map 1 extends to a map of complexes 2 : hoch('Diff(£)) — > 
Cycl (Diff(£ )) .Further, we have the following commutative diagrams. 



hoch(£>iff(£)) 



hoch(X>iff(f)) 



Cycl (ViS(£)) 



Cycl (ViS(£)) 



Cycl'(2?iff(f)) — Cy^l* +2 (Piff(£:)) 



Cycl (PifT(£)) 



Cycr +2 (Piff(,S)) 



We denote by HC_j(Diff(f )) the hypercohomology H^'(X, Cycl (ViS(£ ))). 



Again we note that the complex Cycl (£>iff(£ )) is a complex of C°° modules. 
Thus, its hypercohomology is precisely HC.(Z?iff(£)). It follows that we have 
the following corollaries of Propositions 13 and 14 respectively. 
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Corollary 7. (Corollary to Proposition 13) There exist traces tru ■ HC-2i(Viff(£)) 



Proof. tr 2 j = tr 2i 07,. □ 

Corollary 8. (Corollary to Proposition 14) The following diagrams com- 
mute. 



HH Q {Viff{£)) HC Q {Viff{£)) 

tr tro 

c — c 

2i+ 2 (Viff(£)) 

ir 2 i tT2i-2 
C — -^-» C 

Proof. This is an immediate consequence of Proposition 14 and the commu- 
tative diagrams shown immediately before Corollary 7 . 

□ 

We have the following cyclic homology analog of Lemma 3. 



Lemma 5. Cycl (Viff(£)) is quasiisomorphic to C[2n] © C[2n + 2] © .... 

Proof. It suffices to verify this assertion locally at the level of pre sheaves. 
In other words, we need to look at the completed Tsygan's double complex 
for T>i&(£)(U) where U is an open set so that £ is trivial on U. Of course, 
all tensor products here are completed tensor products. 

The completed bar complex of ViS(£)(U) is acyclic since the homotopy 
of recollection 1, Section 2.1 between the identity endomorphism and the 
endomorphism of the bar complex of £>iff (£) (U) can be shown to "extend to" 
a homotopy between the identity and endomorphisms of the completed bar 
complex of Viff(£)(U). The complex hoch(X>iff {£) (U)) is quasiisomorphic to 
C[2n] by Lemma 3. It follows that the spectral sequence converging to the 
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completed cyclic homology of Z>iff (£)([/) that arises out of the filtration of 
the completed Tsygan's double complex for ViS(£)(U) by columns satisfies 

E -2i,-2n ^ c Vi > 

E\ ,q = otherwise. 
The desired lemma follows immediately from this. 

□ 

Corollary 9. HC„ 2i (Viff{£)) = H 2n (X,C)®H 2n - 2 (X,C)®-®H 2n - 2i (X,C)- 

Denote the isomorphism in the above corollary by 3<ii- Then, following the 
proof of lemma 5, we obtain the following proposition. 

Proposition 15. The following diagrams commute. 
HC- 2i (Viff(£)) ► H 2n (X, C) © H 2n - 2 (X, C) © ... © H 2n - 2i (X, C) 

Jli 

S 

HC-2i+2{Viff{£)) ► H 2n {X, C) © H 2n - 2 (X, C) © ... © H 2n ~ 2i+2 {X, C) 

■hi-2 

HH (Viff(£)) HC (T>iff(£)) 



0E 



Jo 



H 2n (X,C) H 2n (X,£) 
The vertical arrow in the right column of the first diagram is the obvious 
projection. 



5.4 Proof of theorem 3 

Proof. (Proof of Theorem 3) 

We apply the second diagram in Corollary 8 i times to obtain the following 
diagram. 
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HC_2i(2?iff(£)) HC (X>iff(f)) 

tr2i tr 

c — c 

We apply the first diagram Proposition 15 % times to obtain the following 
diagram. 



HC_ 2l (PifT(^)) -^-> HC (Piff(£)) 

H 2ri (x,c)eH 2 "- 2 (x,c)e...eH 2n - 2i (x,c) ► h 2 ™(x,c) 

In the notation used to state Theorem 3, this tells us that Ie,2i,o = Is, 0,0 and 
Is,2i,2k = for k > 0. Lastly, the second diagram of Proposition 15 and the 
first diagram of corollary 8 together imply that tr o /J^T 1 = tro o Jq 1 . This 
shows that Is,o,o = Is, thereby completing the proof of Theorem 3. 

□ 

Remark 1 : Our notion of completed Hochschild and cyclic homologies seems 
to differ in detail from that used in [FLS]. This forced us to rework some 
steps of [FLS], in particular, Proposition 6 and related matters, in our situ- 
ation. 

Remark 2: The key step in the proof of Theorem 1 in [FLS] consists of 
showing on one hand that the linear functional defined in [FLS] applied to 
the operator id in Diff(£) is indeed its supertrace i.e, the Euler character- 
istic of S, and showing that the image of id in HHo(£>iff(£) gives the class 
ch(£).td(Tx) 2n ( this part is done by citing [NT1] and [NT2]) after passing 
to H 2n (X, C) and then applying the Hirzebruch R-R theorem. In spite of 
the differences in detail between our construction of completed Hochschild 
homology and that of [FLS] it may be checked that these two key steps go 
through, thus maintaining Theorem 1 in this situation. 
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